INTRODUCTION
The Inverse Galois problem remains a fascinating yet unanswered question. The standard approach through algebraic geometry is to construct a Galois branched covering of the projective line over the rationals with a desired group G. Then one invokes the Hilbert Irreducibility Theorem to construct a G-Galois extension of ‫.ޑ‬ If every Galois extension of number fields is the specialization of a Galois branched covering with the same group, this approach is very logical. Of course, the question whether every Galois extension of number fields is the specialization of a branched covering is of interest in its own right. Answered affirmatively, it would put all Galois extensions of a given number field in families. It is conjectured that the answer to this question is yes. Beckmann addressed this problem in her paper ''Is every extension of ‫ޑ‬ the specialization of a w x branched covering?'' 1 . She answers it affirmatively when G is either a symmetric or a finite abelian group. We will take one step further and prove this conjecture when G is a dihedral group D with n odd. y is isomorphic to Spec L. In other words, X ª ‫ސ‬ specializes to LrK at Let G be a group acting on and ‫ޚ‬rn and let M be a G-module. We n Ž .
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Using the Hochschild-Serre sequence again, we have a spectral sequence:
ž /Ž . We work with the left-hand side of 1 . Since cohomology commutes with finite direct sums, we have
@ Ž .
Q Ž . is induced, and therefore cohomologically trivial, 2 is equal to zero if
We thus have an isomorphism
Therefore we get a commutative diagram:
Ž . q q
We next assume that ⌽ is cyclic, generated by , and that the integers [ m Note that the action of ⌽ on the first term of the above sequence is q trivial, while ⌽ permutes the factors of the second term. q i Ž . To prove our claim, we only need to show that H ⌽ , A s 0 for all q i G 1. Since ⌽ is cyclic by assumption, the Tate cohomology groups q w x depend only on the parity of i 7 . They can be calculated as follows:
SECTION I: ABELIAN GROUPS
The result presented in this section is not new. As mentioned in the w x introduction, Beckmann has proved 1 that every finite abelian extension of a number field K is a specialization of a Galois branched covering Ž defined over K with the same group. Here we reinterpret her work and w x. that of Saltman 6 in terms of etale cohomology. In the next section, thiś method is generalized to the case of dihedral groups.
Ž Ž . . Let K be a number field and ⌽ s Gal K rK . Define a homomor-
Žg.
that satisfies g s , for any g g ⌽ . Ž .
Ž .
Ž . Note that a represents a surjective homomorphism from Gal KrK to ‫ޚ‬rq. This follows because L is the fixed field of the kernel of a.
From the Hochschild᎐Serre spectral sequence, we have the following Ž . exact sequence also called the Inflation-Restriction sequence :
Since a is surjective, it is of order q and is not contained in the image of 1 Ž . H ⌽,‫ޚ‬ r q. Therefore, we can view the field extension LrK as one of q the extensions given by the element ␣ defined as
as a ⌽ -module with the usual GaloisŽ . action. We can identify M y1 with M as an abelian group; however, the Ž . action has been twisted. Let g ⌽ and m m g M y1 . Then
Observe that there is a natural isomorphism as ⌽ -modules
and such that ␦ ␣ s 0. We now turn our attention to cyclic Galois branched coverings of the Ž .
Thus we have the ⌽ -module
is not a pth power in K t and
Proof. To find a ‫ޚ‬rq-Galois branched covering X ª ‫ސ‬ 1 defined over Ž . K, it suffices to construct a regular ‫ޚ‬rq-Galois extension of fields L LrK t .
Ž . To ensure regularity, we find a ‫ޚ‬rq-Galois extension of fields L L ЈrK t , ‫ޚ‬rq 1 corresponding to a branched covering of complex curves X ª ‫ސ‬ , which Ž . Ž . descends to K t . It is sufficient to produce a regular cover over K , q and then descend it to K.
As before, we have an exact sequence
is such that ␦ ␥ t s 0 then it lifts to an q 1 Ž Ž . . Ž . element in H K t ,‫ޚ‬rq , defining a ‫ޚ‬rq-Galois extension of K t . This Ž . extension is regular if we assume in addition that ␥ t is not a pth power Ž . in K t . This is because the extension
Ž . Ž .
Ž . w x over K t is a ‫ޚ‬rq-Galois extension of fields 3, p. 331 , which descends without change to a ‫ޚ‬rq-Galois field extension
concludes the proof of Lemma 1.
Ž . We intend to specialize at t s 0. Hence we also require that ␥ t gives a Ž . covering unramified at the point t s 0. To ensure this, we pick 
By Lemma 1, in order to construct the desired ‫ޚ‬rq-Galois branched Ž .
We also need ␥ t to satisfy the following requirements:
Ž .
Ž . We construct the required element ␥ t as follows:
Ž . Here, recall that N stands for the norm of the action of ⌽ on M y1 , q t Ž y 1 . i.e., N s Ý g g. Hence, we can expand the above expression as
t Ž . and ␥ 0 s ␣. Because of the maximal orbit condition in our choice of , Ž . Ž . ␥ t is not a pth power in K t .
Ž . Finally, observe that we should have written ␥ t to stress the fact that the resulting branched covering depends on the choice of . In fact, the Ä Ž . 4 Ž set of branch points of this covering is either g , g g ⌽ when ⌽ is As in the abelian case, we write M y1 for M m and identify it with q M as an abelian group with the twisted action of ⌫. We reserve the notation ‫ޚ‬rq for a cyclic group of order q whenever the action of ⌫ on it is trivial. However, when we refer to the cyclic group of order q considered ² : as a -module with the action of taking the generator to its inverse, we denote this group as C y . We write M y for M m C y and identify itwith M as abelian group. We make M y into a ⌫-module by twisting the action of . 
LEMMA 2. With notation as abo¨e, there is an exact sequence
Proof. We use the Hochschild᎐Serre spectral sequence to see that
is exact. Denote the quotient
by A for simplicity. We have another exact sequence 1
Ž . The last term in 4 is zero by torsion considerations.
Ž . ² : So rewriting 3 and taking invariants under the action of we get an exact sequence:
Put together sequences 5 and 4 to get
As in the abelian case, there is a canonical ⌫-module isomorphism
Ž . Ž . Ž . i If K and E are disjoint, then there is a
Proof. We first show there exist a short exact sequence 1
Ž .x Using a result of Saltman 6, Th. 2.3 a, b we conclude that the kernel of Ž . ␦ in Hochschild᎐Serre sequence 3 is precisely N. Therefore we have a short exact sequence:
² : Taking invariants under the appropriate action of ‫ޚ‬r2 s on it, we obtain another exact sequence:
The last term in the above sequence is zero by torsion considerations. So ␣ is an element of N . Since N is q-torsion, and has order 2, the Tatê 0 Ž² : . cohomology module H , N vanishes.
Ž . Ž . = We therefore can write ␣ s N for some element g E .
Ž . In case ii we simply let ␤ s , since E s K in this case. In intend to specialize at a point t s 0, so we need this extension to be Ž . unramified at t . We start by fixing a quadratic subextension. We take Ž .w x Ž 2 . Ž . Ž Ž . Ž .. ² : K t x r x y r y t s K x with Gal K x rK t s ‫ޚ‬r2 s . This is Ž . clearly regular and unramified at t . Note that our choice of quadratic subextension is only limited by regularity, since there is no obstruction to the embedding into the dihedral extension. Once again, in our construction of the desired branched covering we need to make sure that the point w x Ž 2 . Ž. t s 0 is not a branch point. In K x the ideal x y r is lying over t in w x w x 2 K t . For the local ring R in Proposition 1, we take K x . As before
We observe that here the picture is similar to that of the case of disjoint Ž . K and E in Lemma 4, with playing the role of and considerations similar to those in Lemma 2, we obtain an exact sequence:
x Ž Ž .. Ž . Moreover, we need ␥ x not be a pth power in K x , so that it defines an extension of fields. As in Lemma 1 and for the same reasons, these Ž . conditions on ␥ x ensure regularity of the resulting extension and enables us to descend to K. We thus have:
x Ž . We need ␥ x to satisfy the following requirements:
Ž . By Corollary 2 we only need to ensure i and iii . By Lemma 4, there
Ž . It is obvious that ␥ x specializes to ␣ at the point corresponding to 2 Ž . Ž . Ž . x y r . We need to show that ␥ x is not a pth power in K x . Since Ž .
Ž . Ž . g x s x for all g g ⌽ the rational function ␥ x g K , x is of the integers¨and u and elements a , b g K for i s 1, . . . , u. i i q Ž . Ž . Therefore, if ␥ x is a pth power in K x it is also a pth power in Ž .Ž . Ž . K x . But then it specializes to a pth power in K at any element Finally, we note that since X ª Y specializes to L rE at t s 0, the 
